I. Introduction. Let Q(X) be the set of all complex-valued continuous functions on the compact Hausdorff space X; G(X) is a Banach algebra if the norm is defined by ||/|| =sup |/(x)| (xEX). If /i> ' • • ./n are members of Q(X), (R(/i, ■ • • ,/") denotes the smallest closed subalgebra of G(X) which contains /i, •••,/", and the complex constants. As usual, a family ÍFCCC^O is said to separate points on X if for each pair xi, x2EX (xi9±x2) there is some/Gï such that /(x,)Kf(x2).
The purpose of this paper is twofold. First, Wermer has shown that Q(X) contains maximal closed subalgebras (which separate points and are not maximal ideals) if X is a simple closed curve, and we now prove that Q(X) contains such subalgebras whenever the Cantor set can be topologically embedded in X (Theorem 2); if X is a simple closed curve, the algebra described in Theorem 2 is quite different from those found by Wermer [5; 6] .
Secondly, if i" is the unit interval and/G 6(7) is one-to-one on I, it is well known that (R(f) = Q(I) [4, p. 444 ]. Turning to rings with two generators, let/, gEQ(I), and suppose (R(f, g) separates points on I. By the Stone-Weierstrass theorem, (R(f, g) = Q(I) if both / and g are real. We show that (R(/, g) = Q(I) even if only one of the two generating functions is real (this is merely a special case of Theorem 3), but that the conclusion is false if neither/ nor g are required to be real (Theorem 5). This solves a problem posed by Mergelyan [3, p. 29 ], but immediately raises a new one, still unsolved: what conditions (like differentiability, bounded variation, etc.) imposed on / and g will assure that (R(/, g) = Q(I) even if neither of the functions is real?
Note that the mapping s-+(f(s),g(s)) (sei) is a homeomorphism onto an arc L embedded in the space of two variables (real or complex, as the case may be), and that <R(f, g) = C(/) if and only if every continuous function on L can be approximated uniformly by polynomials in these two variables (with complex coefficients). We are thus led to problems concerning uniform ap-WALTER RUDIN [October proximation by polynomials in several variables, and in particular to Theorem 4, which is an extension of a theorem of Mergelyan [3, p. 18 ] (which states that if /£C(£), where £ is a compact set in the z-plane with connected complement, and if/ is analytic at every interior point of £, then / can be approximated uniformly on £ by polynomials in z).
The reason for combining these results in one paper lies in the fact that a certain algebra of dimension-raising mappings was found to be useful in their proofs, and we begin by describing this algebra.
II. An algebra of dimension raising mappings. Let £ be a totally disconnected bounded perfect set in the plane, such that the intersection of £ with any open set is either empty or has positive twodimensional Lebesgue measure. Let 5 be the Riemann sphere (the plane plus the point at infinity) and let Ct be the subalgebra of Q(S) consisting of all/£e (5) which are analytic in S-E. Since zq(z)->m(E)>0 as z-»00, q is not constant; q is evidently analytic in S -E; to show that qEQ(S), suppose |zi-z2\ =5<1, let 2zs = Zi+z2, and divide the integral defining q(zi)-q(z2) into three parts, corresponding to the intersections of £ with (1) \u -z3\ ^5, (2) 5<|m -Zz\ £1, (3) 1<|m-z3\. Easy estimates of these integrals show that the major contribution is furnished by (2) and that q has a modulus of continuity of the form C5 log (1/5), a result stated (without proof) in [2] . Hence d contains nonconstant functions.
To prove (a), let £r= {z££| |s-ZoJ ûr} and define 1 r r dsdt
It is clear that limrj.0 Pr(z) = (z -Zo)~\ uniformly in \z -z0| ^v.
We prove (b) in accordance with a written communication from J. Wermer: it is enough to show that iif(S) contains the origin, then f(z) =0 for some s££. If/(z) 7^0 on £, then/has only a finite number of zeros in the finite plane, say at zi, • • • , zk (counted with their multiplicities), and the function *(«)=/w n (* -«*)-j t-i is in a. Since g has no finite zeros, a single-valued branch of log g(z) can be defined in the finite plane; but this contradicts the analyticity of g and the fact that g( oo ) = 0.
To prove (c), choose a point aES-E such that q(a) 9*0 (where q denotes the same function as above), and put <Zi(z)=g (2), q2(z) = zq(z), q3(z) = (q(z)-q(a))/(z-a).
Suppose Zi^z2 and qi(zi) = qi(z2) = b; ii &5=0 then q2(zi) s^fe); if b = 0, then 53(21) 9*qz(z2). The theorem follows. Part (b) shows that every nonconstant/Gft maps the zero-dimensional set £ onto a set of dimension 2 (actually, onto the closure of an open set). With regard to (c), it is not known whether some two functions in Ct separate points, even on £.
III. Maximal subalgebras of Q(X).
Theorem 2. If X is a compact Hausdorff space which contains a subset K homeomorphic to the Cantor set,1 then <B(X) contains a closed subalgebra 9H with the following properties:
(i) 9TC separates points on X.
(ii) 9TÍ is a maximal subalgebra of Q(X) ; i.e., 911 is not a proper subset of any closed proper subalgebra of Q(X).
(iii) If f=u+iv, where u and v are real, and /G3TC, then u(K) is connected.
If h is a homeomorphism of K onto the Cantor set, then h can be extended to a continuous real function on X (since compact Hausdorff spaces are normal) which, by (iii), is not in 9TL Consequently m*e(X).
Proof. Let £ be as in Theorem 1, and form the following algebra GisEQ(E): fE&B ii and only if there is a function gGCt such that f(z) =g(z) on £. By the maximum modulus theorem, dB is closed. It will be shown that QLe is contained in a maximal closed subalgebra of 6(£) ; whether ds is itself maximal is an open question.
By Zorn's lemma there exists a closed algebra (BC6(£) which is maximal with the respect to the following properties: (1) &eE®;
(2) if /G<B and f = u+iv (u, v real), then u(E) is connected. Since £ is homeomorphic to the Cantor set, (B?¿e(£). 1 An example of an uncountable compact Hausdorff space which contains no copy of the Cantor set is furnished by the set of all ordinals less than or equal to the first uncountable, with the usual order topology. It is well known that every separable metric compact space which is totally disconnected and perfect is homeomorphic to the Cantor set. whose restrictions to ¿T are members of (Bi. It is obvious that 3TC satisfies (i) and (iii) ; to establish (ii), suppose 9TCC9Tl'Ce(X), where 311^311' and 911' is a closed algebra.
If0£e(X) and e>0, there is some/£3H' such that |/(x)-<p(x)| <e on K. Since X is normal, there is some gEG(X) such that g(x)
=/(x) -0(x) on 7C and | g(x) | <eonI. Put h = g+<p. Then A(x) -/(x) = 0 on K, so that A-/£3TC, and A£3Tl'. Also, | A(x) -<p(x) \ <e on Z, which proves that lM' = e(X). The theorem follows. IV. Uniform approximation by polynomials. License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use for all (z, t) EK. But the functions p\ can be approximated uniformly on T by polynomials in (h, • • -,/"), by the Stone-Weierstrass theorem, and the proof is complete.
Theorem 5. Given a totally disconnected perfect subset K of the unit interval I, there exists a closed algebra (R(f, g)CC(7) which separates points on I, such that h(K) is the closure of an open subset of the plane, for every nonconstant A£(R(/, g). In particular, (R(f, g) 5^6(7).
Proof. Let £ and ft be as in Theorem 1. Choose a nonconstant <7i£ft such that gi(co)=0, put q2(z) = zqi(z), so that q2EGt, and let £o= {z££|gi(z) = 0}. The mapping *-»(?i(«),îî(*)) (zEE)
is one-to-one on £-£0, so that £ is mapped onto a totally disconnected bounded perfect set £* in the space i?4 of two complex variables (»i, W¡t). If Piwi, w2) is a polynomial, then Piqi, g,2)£ft, and Theorem 1(b)
shows that <p(E*) is the closure of a plane open set for every nonconstant 0 £©(£*) which is the uniform limit of polynomials in (wu w2). Since E* is homeomorphic to the Cantor set, this implies (in contrast with Theorem 4) that not every 4>£©(£*) is a uniform limit of polynomials in (wi, w2). There exists an arc L in Ri which contains £* [l, p. 302], and we can choose two functions/, g£6(7) such that the mapping s-*(Jis), g(s)) is a homeomorphism of 7 onto L which carries K onto £*. Then (R(/, g) has the desired properties.
